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Abstract--The heat transfer characteristics of laminar mixed convection flow over a vertical pin are studied 
analytically by conjugate convection-conduction theory. Numerical results for the local heat transfer 
coe~cient,~o~al heat flux,e~ciency,and ternperaturedistributionsofpinundertheeffectsofsurfacecurvature, 
the buoyancy force parameter and the conjugate convection~nduction parameter, are obtained by solving 
simultaneously the convective boundary layer equations of the fluid and energy equations of the pin. The 
results of the present numerical solution have been compared with those of the conventional fin theory. It is 

found that there is some discrepancy between the pin efficiency and the temperature distribution. 

INTRODUCTION 

RECENTLY, the conjugate convection and conduction 
problems for a vertical plate fin have been analyzed by 
Sparrow and Acharya [l], Sparrow and Chyu [2], and 
Sunden [3]. They concluded that the conventional fin 
model based on a uniform value of the heat transfer 
coefficient yields very good predictions for the rate of 
overall heat transfer of the fin, but cannot predict the 
local heat fluxes. Even in the natural convection flow, 
the local heat transfer coefficients were found not to 
decrease monotonically in the flow direction, as is 
usual. Rather, the coefficient decreased at first, attained 
a minimum, and then increased with increasing 
downstream distance. Therefore, determination of the 
true heat transfer coefficient along the surface is 
necessary. 

In the present investigation, attention is focused on 
the analysis of mixed convection flow over a vertical 
circular pin fin, which is extended from a wall. Since the 
temperatureofthepinisnot knownapriori(itisaffected 

by the heat transfer coefficient) the coefficient is also 
dependent on the ambient fluid flow. Hence, it is 
necessary to solve the conjugate convection and 
conduction problem. The problem can be separated 
into two parts. One is the conservation equations of the 
laminar mixed convection boundary layer flow field, 
and the other is the energy equation ofthe pin itself. The 
mixed convection flow over a vertical circular pin does 
not admit simiiaritysolutions.The nonsimilaritiesarise 
from the transverse curvature of the cylinder, the 
buoyancy force and the nonuniform temperature 
distributions which are to be determined. In addition, 
owing to the presence of the buoyancy force, the flow 
and thermal field are coupled. An implicit finite 
difference method is employed to solve the transformed 
nonsimilar equations. 

The pin considered is long compared with its 
diameter, and the pin temperature variations in the 

longitudinal direction can be considered to be much 

larger than those in the transverse direction. Hence, it 
may be assumed that heat conduction along the pin is 
essentially one-dimensional. In addition, theamount of 
heat which is convected from the tip of the pin to the 
fiuid is smaller than those of the other parts of the pin. 
Therefore, the tip of the pin can be reasonably 
considered as adiabatic. 

The assumed pin temperature distributions, which 
are based on the conventional pin theory, serve as 
boundary conditions for the boundary layer equations. 
The soiutions of the local heat transfer coefficient along 
the pin surface from the boundary layer equations are 
resubstituted into the pin energy equation in search of 
the new temperatures of pin surface. Thus, these new 
temperature distributions are then imposed as the 
surface boundary conditions for the boundary layer 
equations, the solutions of which are used to evaluate 
an updated h, and so on until the maximum difference of 
temperature between the successive iterations is less 
than a given small value of ( 10m4). 

Numerical results of interest, such as the local heat 
transfer coefficient, local heat flux, efficiency, and 
distributions of temperature along the pin surface are 
presented for air with a Prandtl number of 0.7, 
buoyancy force parameters, Gr/Re2 = 0.0, 3.0, and 
5.0, conjugate convection-conduction parameters, 
NC = 0.5 and 5.0, and transverse curvature parameters, 
L = 1.0 and 3.0. 

AMALYSIS 

Consider a vertical circular pin of radius re and 
length L which is attached to a wall of temperature T, 
and is aligned parallel to a uniform free stream with 
velocity U and temperature T,. The axial and radiai 
coordinates are taken to be x and r, with x measuring 
the distance along the centerline of the cylinder. Let the 
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NOMENCLATURE 

dimensionless stream function 
Grashof number, @3(T, - T,)I?/v’ 
gravitational acceleration 
heat transfer coefficient 
dimensionless heat transfer coefficient, 
hL/kr Re”’ 
thermal ~o~dustiv~t~ 
pin length 
conjugate convection-conduction 
parameter, 2Lk~~e~12/ksr~ 

PrandtI number, v/a 
locai heat flux 
Reynolds number, ULiv 
radial coordinate 
radius of pin 
temperature 
pin base temperature 
free stream velocity 
velocity components in the x and r 

coordinates, respectively 
X streamwise coordinate. 

Greek symbols 

; 

thermal diffusivity 
coe%cient of vofumettic expansion 

I? pseudo-similarity variable, 
(r2 -r~)(Re/~)‘~2/4r,L 

Vi thermal efficiency of pin 

u dimensionless temperature 
d transverse curvature parameter, 

4L/r, Rel/Z 
kinematic viscosity 

; dimensionless pin length, x/L 

$ stream function. 

Subscripts 
s condition at the pin surface 
W condition at the wall 
C-0 condition at infinity. 

gravitati5na~ force act in the opposite direction to the x 
coordinate. The buoyancy force then acts in the same 
direction as the forced flow when TO > T,. The thermal 
conductivityofthepinis k,and that ofthefluidis k,.The 
physical properties are assumed to be constant except 
the Ruid density, which is employed by the Boussinesq 
approximation. The conservation equations of the 
iaminar boundary layer can be expressed as [4J : 

where the notations are defined in the nomenclature, 
The system of equations (l)-(3) is subject to the 

following boundary conditions 

u = 0 = 0, T = T,(x) at r = r. 

u+U, T-+T, at r-+az I 

u = &rX T = T, at x = U, r 3 PO. i 

(4) 

Equations (l)-(3) and boundary conditions (4) do 
not admitsimil~itysolutions.Thenonsimi~arit~esarise 
from the surface curvature of the pin, the buoyancy 
force effect and the nonuniform temperature distri- 
bution af the pin. As the first step in the analysis, these 
equations and boundary conditions are transformed 
into a dimensionless form. One introduces the pseudo- 
similarity variable T and the dimensionless axid 

coordinate 4 as follows. 

along with the dimensionless stream function S(<, r) 
and the dimensionless temperature O(<, ?) defined, 
respectively, by 

f‘G rl) = Il/(.w, r)/CroWxP21 (6) 

Ott, Y() = CTj.x, r) - T, l/G% - T,) (7) 

where thestreamfun~ti5n I/&, r)automatically satisfies 
the continuity equation (1) with 

ati/ 
ru=z, ru= -CL 

2.X . 
(8) 

Substituting equations (5)-(7) into equations (2)-(4), 
one obtains 

In the foregoing equations, the primes stand for 
partial derivatives with respect to rf, Pr is the Prandtl 
number, Gr is the ~rashofnum~r, Re is the Reynolds 
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number, and 1 is the transverse curvature parameter, 
defined as 

EL = 4L/r, Rer”. (12) 

Assuming a one-dimensional model the thin pin 
energy equation can be written as, in dimensionless 
form 

where 0, is the dimensionless pin temperature, E is the 
dimensionless form of local heat transfer coefficient, 
and NC is the conjugate convection-conduction 
parameter. They are defined, respectively, as follows 

Us’) = IX(x) - zJi(~ - %I (14) 

1;(C) = [-@/O],=,j25”2 (15) 

Nc = 2Lkf Re”‘Jk,r,. (16) 

Equation (13) has to be solved with respect to 
boundary conditions. 

dB,/d< = 0 at < = 0 
(17) 

&=l at <=l. 

Of particular interest is the thermal coupling 
between the pin and the convective boundary layer. The 
basic coupling is expressed by the requirement that the 
pin, fluid temperatures and heat fluxes becontinuous at 
the pin-fluid interface, at all x. 

at I = re, O<xxL. (18) 

NUMERICAL SOLUTION 

The solution begins by solving the convective 
boundary layer problem for a vertical circular pin with 
guessed temperature for ail 5. In order to reduce the 
number of iterations, we use the guessed temperature 
distributions, Q,(c) = cash (Ncl)/cosh (NC) which is 
based on the conventional theory, to start the 
numerical solution. The dimensionless heat transfer 
coeficients determined from this solution in accor- 
dance with equation (15) are then used as input to the 
pin heat conduction equation (13). With NC prescribed, 
the differential equation (13) is then solved to yield e,(5). 

To begin the next cycle ofthe iterative procedure, the 
just-determined t?,(t) is imposed as the thermal 
boundary condition for the convective boundary Iayer 
problem; the solution to which yields a new A([) 
distribution which is used as input to the pin heat 
conduction equation. This procedure of alternately 
solving the boundary layer problem and the pin 
conduction problem is continued until convergence is 
attained. 

The two systems of partial differential equations (9), 

(10) are coupled. In the present study, these equations 
were solved by an accurate implicit finite difference 
technique. This technique is a modified versionbf the 
method described in [SJ for the solution of uncoupled 
equations. To begin with, the partial differential 
equations (9), (10) are first converted into a system of 
first-order equations which are then expressed in finite 
difference form by approximating the functions and 
their first derivatives in terms of centred difference and 
averages at midpoints of the net segments in the (<. 4) 
coordinates. The resulting nonlinear finite difference 
equations are then solved by Newton’s iterative 
method. 

The boundary layer solutions were obtained by 
a marching procedure, starting at the leading edge 
(< = 0) and the grids were divided into 45 points in the 
stream direction. There was a denser concentration of 
points near the leading edge to accommodate the initial 
rapid growth of the boundary layer. Owing to the 
transverse curvature effect, a variable grid (rather than 
a uniform grid) normal to the flow is used. 

The pin conduction equation was solved by using the 
direct inverse matrix method. The pin equation was 
also divided into 45 grid points and expressed in finite 
difference form. To ensure high accuracy, nonuniform 
grid points were used. For smaller 4, a finer 5 sub- 
division was needed for the boundary Iayersolution. 

To confirm the accuracy of the present numerical 
method,itsresuits have beencompared and found to be 
in good agreement with those of the nonsimilarity 
solution [4] for the mixed convection flow over a 
vertical isothermal cylinder. 

In order to reveal the heat transfer characteristics of 
the real pin, the characteristics of the conventional fin 
theory, which is based on a uniform heat transfer 
coefficient, are also calculated. If 6 is regarded as a 
known mean value, which is given by the available 
boundary layer equations (9)-(11) subjected to 
isothermal pin surface temperature, then equation (13) 
does not couple with the fluid llow and can be 
analyticafty solved. 

RESULTS AND DISCUSSION 

Representative distributions of the dimensionless 
local heat transfer coefficients along the pin surface 
under the effects of surface transverse curvature, 
I = 1.0 and 3.0, buoyancy force, Gr/Re’ = 0.0, 3.0, and 
5.0, and conjugate convection-conduction parameter, 
NC = 0.5 and 5.0, are shown in Figs. 1 and 2, respec- 
tively. They reveal that for a given Land Gr/Re’ = 0.0 
(pure forced convection) the coefficients always 
tend to decrease monotonically from the infinite value 
at the tip to the same value at the root for all NC. The 
larger NC, representing the greater temperature 
variations of the pin, has the higher local heat transfer 
coefficient. However, as the buoyancy force increases 
thecoefficient nolongerdecreasesalongthedirectionof 
the fluid fl ow, but decreases at first to a minimum value, 
and then increases. It will be obvious that as the 
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conjugate convection-conduction parameter in- 
creases, the location of the minimum shifts toward the 
tip and the extent of the downstream rise becomes 
greater. These behaviours obtained in the present work 
are similar to those of the flat plate fin reported 
by [l-3]. 

Distributions of the dimensionless local heat fluxes 
along the pin surface are illustrated in Figs. 3 and 4, 
respectively, for i = 1 .O and 3.0. Each figure contains 
Gr/Re2 = 0.0, 3.0, and 5.0 and Nc = 0.5 and 5.0. The 
dimensionless local heat fluxes can be taken as 

qL/[K,(T,- T,) Re”‘] = -W(<, 0)25”2. (19) 

From the figures, under a given transverse curvature 
parameter 3., the buoyancy force increases the local heat 
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FIG. 2. Local heat transfer coefficients. FIG. 4. Local heat fluxes. 
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fluxes for all major parts of the pin surface. However, in 
the vicinity ofthe tip the influence of the buoyancy force 
is very small. As Nc increases, most of the heat flux 
passes to the fluid in the neighbourhood of root. It can 
explain that the larger NC, representing the lower 
thermal conductivity of pin, the higher temperature 
exists near the root. In all Nc, the infinite heat flux still 
exists at 4 = 0, since it is a singular point. 

If the results in Fig. 3 are compared with those in Fig. 

4, it can be seen that the local heat fluxes for the large 
surface curvature are higher than those of the small 
surface curvature. However, one should note that the 
radius of the pin is not the same for j. = 1 and i = 3. 
Thus, the smaller values of local heat fluxes for ,I = 1 do 
not mean that the total heat fluxes over the pin surface 
are less than those of i = 3, which is of larger radius of 
pin. 

The area under the curve of the local heat flux 
represents the total heat transfer rate convected from 
the pin surface to the fluid. It can also be obtained from 
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FIG. 5. The efficiency of the pin. 

the heat conducted from the wall into the pin base 
(f = 1). The corresponding total heat transfer rate of 
these two methods should be in agreement. 

A major interest of the present investigation is in the 
analysis of the thermal boundary layer effects on an 
actual pin. Hence, the analysis of the pin is different 
from that of conventional fin theory which only 
considers a uniform heat transfer coefficient along the 
pin surface. The efficiency of the pin is defined as the 
ratio of the actual heat transfer rate of the pin to that of 
an isothermal pin, The efficiencies of these two models 
are plotted in Figs. 5 and 6 as a function of conjugate 
convection-conduction parameter NC. For each figure, 
the dashed lines represent the results of the 
conventional fin theory and the solidlines correspond 
to the present numerical solution. As confirmation, the 
curves are all downwards with increasing values of Nc, 
which shows the smaller pin conductivity promotes the 
greater pin temperature variations and lower values of 
the efficiency. From the figures, it can be seen that the 
efficiency of the conventional fin theory is higher than 
that of the present numerical solution. It is also shown 
that between these two models thedifferenceis higher in 
pure convection (Gr/Re’ = 0.0) than in mixed 

FIG. 6. The efficiency of the pin. FIG. 7. Temperature distributions of the pin. 

convection flow. Thus, from an engineering point of 
view, the simple conventional fin theory is of more use 
in mixed convection than in pure forced convection. 

Since the buoyancy force assists the forced flow, the 
convective heat transfer is increased, resulting in lower 
pin temperatures and smaller pin efficiencies. If the 
results in Fig. 5 are compared with those in Fig. 6, the 
effects of the surface curvature on the efficiency can be 
seen. The smaller the surface curvature, the larger the 
radius of the pin which has higher efficiency and a 
smaller nonuniformity of temperature. 

The results for the pin temperature distribution are 
presented in Figs. 7 and 8 for the two transverse surface 
curvatures, i = 1 and 3, respectively. Each figure also 
includes the results oftheconventional fin theory model 
and the present numerical work. The pin temperature 
distributions are functions of Nc and Gr/Re’. They all 
show the expected trend whereby the pin temperature 
distributions decrease monotonically from the root to 
the tip. But the temperatures calculated by the 
conventional fin theory are always higher than those of 
the present numerical solution, It also confirms the 
previous statements that the larger values of Nc, Gr/Re’ 
andigiverise to thegreaterpin temperaturevariations. 

The surface curvature effect on the local heat transfer 
coefficient is presented in Fig. 9. The dotted line 
represents the local heat transfer coefficient of the 
vertical fiat plate fin (i.e. R = 0). As inspection of Fig. 9 
reveals that for given NC = 5.0 and Gr/Re’ = 2.0. the 
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FIG. 8. Temperature distributions of the pin. 

coefficient increases with increasing surface curvature 
A. The maximum difference of the local heat transfer 
coefficient between the cylinder and the vertical plate 
fin is found to be less than 2% when i_ < 0.1. For the case 
of a vertical flat plate fin, the present numerical solution 
can be reduced to i < 0.1. 

CONCLUSIONS 

A study has been conducted to analyze the conjugate 
convection and conduction heat transfer charac- 

teristics of buoyancy force on the forced flow over a 
vertical circular pin. The analysis is restricted to the 
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FIG. 9. Surface curvatureeffectson the heat transfer coefficient. 

energy equation of the pin as a one-dimensiona model. 
In general, it has been found that the smaller the 
thermal conductivity k,, then the higher the heat 
transfer coefficients and the greater the surface 
temperature variations from the root to the tip. The 
overall heat transfer increases with increasing 
buoyancy force and decreases with increasing 
convection~onduction parameter. 
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TRANSFERT THERMIQUE MIXTE PAR CONDUCTION ET CONVECTION LE LONG 
D’UNE AIGUILLE CIRCULAIRE VERTICALE 

R&sum&-Les caracttristiques de la convection thermique Iaminaire sur une aiguille verticale sont ttudibes 
analytiquement par la thtorie de convection et conduction couplkes. Des rksultats numkiques pour le 
coefficient de transfert thermiquelocal, leflux de chaieur local, i’efficacitket les distributionsde tempbrature de 
l’aiguille sous l’effet de la courbure de la surface, le paramktre de gravitk et le paramktre de couplage 
conduction-eonvection,sont obtenusen rbsolvant simultantment les~quationsde~ouchelimitedansle~uide 
et de Equation d’Cnergie dans l’aiguille. Les rksultats de la solution numkique est cornpark avec ceux de la 

thtorie conventionnelle. On trouve qu’il y a un &cart pour l’efficacitt et la distribution de tempkrature. 
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WARMEUBERTRAGUNG DURCH GEKOPPELTE MISCHKONVEKTION UND 
W~RMELEITUNG LANGS EINER SENKRECHTEN, KREISRUNDEN STABRIPPE 

Zusammenfassung-Die W~rme~bertragungs-Charakteristiken von laminarer Mischkonvekt~onsstr~mung 
an einer senkrechten Stabrippe werden rechnerisch anhand einer gekoppelten Konvektions- 
Wlrmeleitungstheorie untersucht. Rechenergebnisse fur den ortlichen Wlrmeiibergangskoefizienten, die 
ijrtliche Warmestromdichte, den Wirkungsgrad und die Temperaturverteilung in der Stabrippe unter dem 
EinfluB von Oberflachenkriimmung, Auftriebskraftparametern und gekoppelten Konvektions-Wlrmeleit- 
parametern werden durch simultane Losung der Grenzschichtgleichungen der konvektiven Stromung des 
Fluids und der ~nergiegleichungen der Stabrippe ermittelt. Die Ergebnisse der beschriebenen numerischen 
LGsung werden mit solchen aus der konventionellen Rippentheorie verglichen. Es zeigt sich, daR es einige 

Unterschiede beim Rippenwirkungsgrad und bei der Temperaturverteilung gibt. 

COfIPJIXEHHbIH TERJIOHEPEHOC CMEBIAHHOH KOHBEKHMEIif M 
TEnnO~POBO~HOCTb~ BfiOJIb BE~~KA~bHOrO KPYT‘JTOL-0 CTEPXHR 

Ammrawk-C nOMOIiXbK) COIlp%UCHHOii TCOPUU CMeUJaHUOli KOHBeKUIIH U3yWHbt XapaKTt?pUCTUKU 

TennOne&XHOCa JIaMHHapHOrO TeYeHlll BLlOnb BepTWKanbHOrO CTCPXHII. nyTeM OnHORpt?MeHHOrO 

petnetnir ypaenenaR xonaekrnmioro norpamf~tforo cnoa Ann EURKOCTA U ypaenenns 3neprnn anfl 
c-repmnn nonyrenbl wcnennbre 3kiaqewx K03@HusieHTa noKanbnor0 rennonepesoca, noKanbnor0 

TennoBoro noroKa, UHTCHCUBHOCTU rennoo6Mesa M PaCnpeneneHHR TeMncpaTypbl CTePIKHR 6 

JaBUCWMOCTH 07 KPUBUJHM UOWpXUOCTU, K03+&iu~ewa n0fi~~n0A cklnbi H napaMetpa, onncbt- 

BaKIn&ero CO~p~~eHH~~ TeU~OO6Me~. ~O~yYeHHbIe w3yBbTaTbi Y~CneHHOrO paCqeTa CpaBH~Ba~TC~ 

C o6menpnHaTo~ TCOpUe~ pe6pa. Hakneno, 9TO UM&?T MET0 HeKOTOpOe paCXOXSW.HUe .&ES UHTCH- 

CUBHOCTU TenJIOO6MeHa CTCpwtHX U paCJl~NFSUiR TeMnL?paT)‘pbI. 


